In questo lavoro si studiano proprietà delle involuzioni appartenenti alla classe Av(321). Si calcolano le funzioni generatrici algebriche dell'insieme delle involuzioni di Av(321) e di alcuni suoi sottoinsiemi. Precisamente si calcolano le funzioni generatrici algebriche delle involuzioni espansione di 12, delle involuzioni espansione di 21, delle involuzioni semplici e delle involuzioni espansione di semplici appartenenti alla classe Av(321). Si caratterizzano i grafici delle involuzioni semplici. Infine si dà un' interpretazione combinatoria di alcuni dei risultati ottenuti, per mezzo di opportune classi di cammini di Motzkin.
Introduction.
The aim of this work is to study the set I(321), consisting of all involutions in the class of 321 avoiding permutations, and some of its subsets. The results are obtained by means of the substitution decomposition properties, particularly of the involution decomposition, given in [1] , [4] and [5] , and the techniques of generating functions, as used in [1] , [4] , [2] . We briefly enumerate the theorems we use and some definitions, maintaining almost always the terminology used in the cited papers, to which we refer for the demonstrations and some well known basic definitions, as the ones of permutation, class of permutations, inflation of a permutation.
For a permutation set S, we denote by S n the set of the permutations in S of length n, and we refer to f (x) = |S n |x n as the generating function for S.
(The equalities say that every transposition in σ must be inflated with a couple of substitutions one the inverse of the other). 
Properties of the involutions in Av(321).
We denote I(321) the set of the involutions in Av(321), and I(321) n its subset of the involutions of length n. Recall that the left to right maxima of a permutation are those elements wich dominate all of their predecessors. We give in the following some results about involutions in I(321). Recall that an involution π ∈ S n can be written as a product of cycles of length 1 and 2, respectively fixed points and transpositions: π = (m 1 , M 1 )(m 2 , M 2 ) . . . (m h , M h ), con m i ≤ M i , i = 1, . . . , h.
An involution π ∈ S 2n+1 has an odd number greater or equal to 1 of fixed points; π ∈ S 2n has no fixed points or an even number of them. Proposition 2.3 A necessary and sufficient condition for an involution π being in I(321) is to hold the inequalities 1 = m 1 < m 2 < · · · < m h and M 1 < M 2 < · · · < M h (so that the M i are left to right maxima of π).
because any involution of odd length must have an odd number of fixed points, the length of σ ∈ I(321) cannot be odd. As for an inflation of a simple involution, it must have an even length because always obtained through couples of substitutions one the inverse of the other, by Proposition 1. Proof.
Indeed it is immediate to see that, for every n ≥ 3, the involution σ ∈ I(321) 4n−6 defined as σ = n (n + 2) . . . (n + 2(n − 2)) 1 (n + 2(n − 2)+1) 2 . . . (4n−6)(n−1)((n−1)+2) . . . ((n−1)+2(n−2)) the sequence of whose maxima is { n, n + 2, . . . , n + 2(n − 2), n + 2(n − 2) + 1, . . . , n + 2(n − 2) + n − 2 }, is a simple involution. (For instance 351624 = (1, 3)(2, 5)(3, 6) ∈ I(321) 6 , 468192(10)357 = (1, 4)(2, 6)(3, 8)(5, 9)(7, (10)) ∈ I(321) 10 , 579(11)1(12)2(13)3(14)468(10) ∈ I(321) 14 , . . . ) ✷ Proposition 2.6 Let σ ∈ I(321) 2m , 2m > 2, σ simple. An inflation π of σ is again in I(321) if and only if π is obtained through
Proof. By inflating a transposition of σ through a substitution presenting an inversion, we would obtain an inflation presenting a descending sequence of length 3, so not belonging to Av(321).
✷ As a consequence of what is shown in 2.1, 2.2, 2.3, 2.6, we can affirm that the set I(321), which is not strictly a class of permutations, is an almost querycomplete property, in the sense of [4] , pg.425, Section 1. A property P is said to be query-complete if, for each simple permutation σ ∈ P , σ of length m, there is a procedure to determine whether σ[α 1 , . . . , α m ] satisfies P which requires only to know if each α i satisfies P . The almost query-completeness allows to write the relations among generating functions described in the following Section.
3
Generating functions.
We consider the following generating functions of subsets of I(321): α the generating function of the involutions in I(321) of the type 12; β the generating function of the involutions in I(321) of the type 21; γ the generating function of simple involutions in I(321), different from 1, 12 e 21; δ the generating function of the involutions in I(321) which are inflation of simple involution, of length n > 2. Let finally f be the generating function of the whole set I(321).
On the basis of the structure theorems and the properties of involutions recalled in Section 1, and of the properties of involutions avoiding 321 demonstrated in Section 2, adapting to our case the ideas exposed in [4] e [2] , we write the following relations (1) for the generating functions:
.
(
The first equality reflects the structure theorem: an involution π = 1 is of the type 12, so enumerated by α, or of the type 21, so enumerate by β, or it is simple or inflation of a simple, then enumerated by γ or by δ. There exists only the involution 1 of length 1, hence in f there is the summand x. The second equality follows from Proposition 2.2. The third relation is also based on a structure theorem: if π is a type 12 involution, it can be uniquely expressed as π = 12[σ 1 , σ 2 ], σ 1 , σ 2 ∈ I(321), with σ 1 not of type 12.
Consider the polynomial ring over the field K, algebraic closure of the field of the rational functions. Let us try to determine the generating functions f, α, β, γ, δ starting from the polynomial relations (1) (and we note that x is in K). We can say that if in the ideal generated by the relations there is a polynomial in f only, i.e. a relation between f and x, with coefficients in K, then f is an algebraic function. The relations (1) do not suffice to determine a polynomial in f only, so demonstrating the algebraicity of f , to which we arrive through the study of another property of the involutions avoiding 321.
Instead, if we want to calculate the generating function ϕ of a subset I ′ ⊂ I(321), containing the only simple involutions 1, 12, 21, the relations are sufficient to obtain a generating function. 
An easy calculation allows to express the rational generating function of I ′ : Back to the study of I(321) and of new equations in order to express the generating function f , we demonstrate for the involutions in I(321) the following properties, which connect the involutions of even length to the ones of odd length.
and π 2m−1 ∈ I(321) 2m−1 .
The property follows immediately from the structure theorems and Proposition 2.1.
We have already noticed that in I(321)) the involutions of type 21, the simple involutions of length greater than 2 and their inflations have no fixed points. So, such an involution π, π ∈ I(321) 2m , can be written as a product of m transpositions:
where, for each i = 1, . . . , m, m i < M i , and moreover
¿From Proposition 2.3. it follows immediately Proposition 3.3 For each involution π ∈ I(321) 2m , with
another involution π ′ can be defined, as below:
with π ′ ∈ I(321) 2m .
(For example, for π = 351 624 = (1, 3)(2, 5)(4, 6) ∈ I(321) 6 product of three transpositions, one has π ′ = (1)(2, 3)(4, 5)(6) = 1 32 54 6.) Lemma 3.4 There is a bijection between the involutions π ∈ I(321) 2m , such that π(1) = 1, and the involutions such that π(1) = 1.
Proof. The hypothesis π(1) = 1 says M 1 = 1. So, such a π ∈ I(321) 2m is either of type 21, or simple, or inflation of a simple one of length greater than 2, or of type 12. In the first three cases, π has no fixed points and Proposition 3. We now introduce the generating functions ε and ω, respectively of the sets of the involutions of even length and of the involutions of odd length. Theorem 3.6. Let f , ε, ω be the generating functions respectively of I(321), of I(321) 2m and of I(321) 2m+1 , m ∈ N . We have the relations
4 Algebraicity of the generating functions of I(321) and of some of its subsets.
¿From Propositions 2.1, 2.2, 2.3 we derive that in I(321) the involutions of type 21, the simple ones and their inflations have all even length, while an involution of odd length can only be 1 or of type 12. Then we can write the following relations (3) between the generating functions ε e ω:
The first equality describes the property that the involutions of odd length avoiding 321 are of the following kinds:
, where α 1 has even length and is not of type 12, and α 2 ∈ I(321) has odd length. The second equality describes the property already recalled that the involutions in I(321) of type 21, the simple involutions of length greater than 2 and their inflations have an even length; moreover the following involutions have an even length:
, where α 1 has even length and is not of type 12, and α 2 ∈ I(321) has even length; π ′ 2m+2 = 12[1, π 2m+1 ], π 2m+1 ∈ I(321), so enumerated by xω.
Equalities (1) and (3), and the property ε = 2xω give the system (4):
The relations (4) allow to find the polynomial in f and x,
which leads to the generating function
, [8] , A001405). In this way we obtain a new proof of Theorem 4.1 (See [7] , [6] .) The size of I(321) n is n ⌊n/2⌋ .
This equality was firstly proved in [7] by means of the Standard Young Tableaux; a combinatorial proof based on a class of Dyck paths was presented in [6] . ¿From (4) one also derives for ε
We note that in [4] and [2] it is shown that a permutation class with only finitely many simple permutations has a readily computable algebraic generating function (besides more general results, always in the ipothesis of the existence of finitely many simple permutations). But the set I(321) has infinitely many simple involutions, as noted from the beginning ( in Proposition 2.5.) This situation gives another example of a case where the generating function is algebraic, whereas in presence of infinitely many simple permutations.
The system (4) allows to express also the polynomial in α only,
which leads to [8] , A107232).
The use of the Gröbner Basis' theory not only is useful for the calculations, but also allows to affirm that in the ideal generated by (4) 
which leads to
whose expansion gives the coefficients 1, 0, 4, 0, 13, 0, 41, 0, 131, 0, 428, 0, 1429, 0, 4861.
(The non zero terms are Catalan numbers, see [8] , A001453).
We note that at this point one cannot know if γ and δ are algebraic.
5 The generating functions of the simple involutions and their inflations.
In order to calculate the generating function γ of the simple involutions in I(321) we adapt to the involutions' case the condiderations of [1] Thus the substitution in the polynomial (5) leads to the polynomial
hence to the algebraic generating function
, 
(The usual convention holds, that h k = 0 when h < k. Because, in the last addendum of the sum for i, one has i = n − 3 and then n − i = 3, the sum for j has only three addenda not zero; in the second from last only four, and so on.) Proof. The involutions enumerated by δ 2n are the inflations of the simple involutions σ m ∈ I(321), of length m, con 6 ≤ m < 2n; from Proposition 2.6 such an inflation is obtained through ascending sequences, the same for the terms of each transposition. Each one of the γ 2(n−1) simple involutions of length 2(n − 1) is inflated to one of length 2n by substituting the sequence 12 in each of the terms of a transposition: having γ 2(n−1) the number of n − 1 = n−1 1 transpositions, the contribution of the simple permutations of length 2(n − 1) is γ 2(n−1)
, which we write in the form γ 2(n−1)
For each of the γ 2(n−2) simple involutions of length 2(n − 2) we can obtain an involution of length 2n by sustituting the two terms of the n−2 1 transpositions with the sequence 123, or by sustituting the four terms of a couple of transpositions (wich are n−2 2 ) with the sequence 12. So the contribution of the simple involutions of length 2(n − 2) is γ 2(n−2)
, which we write in the form γ 2(n−2) 1 0
The general formula follows, by observing that each one of the γ 2(n−i) simple involutions of length 2(n − i), so containing n − i traspositions, contributes by means of: one transposition, whose terms are substituted by the ascending sequence 1 · · · i+ 1; for each one of the (with j = 3 − 1 = 2), namely as many as the couples of numbers h, k chosen between 1 e i − 1. And so on. ✷ 6 The graphic of the simple involutions.
Consider the graphic of an involution π ∈ I(321) with no fixed points: the sequence of maxima is represented over the line y = x, the sequence of minima under the line. Let's connect the points of the graph in the order their ordinates possess in the permutation π. We call plot of the involution the drawing so obtained. Define two maxima (or two minima) to be up-connected (respectively downconnected ) when connected through a step of the drawing neither crossing the line y = x nor containing another maximum (or minimum), therefore consecutive in the permutation. In this case, we also say that the plot has an upper connection (or a lower connection). Proof. Recalling the first equation of (1), if π were of type 21, by Proposition 2.1 its plot would have at least a couple of symmetric upper and lower connections. If π were an expansion of a simple involution σ = 12, by Proposition 2.6 its plot again would have at least a couple of symmetric upper and lower connections (deriving by the inflation of a transposition). Then either π is simple or it is of type 12. In the last case π = 12[α 1 , α 2 ] where α 1 must be simple, while α 2 , satisfying the hypothesis of the theorem, must be again either simple or of type 12. ✷ 7 Simple involutions in I(321) and short Motzkin paths with no horizontal steps at level 0.
Consider the connection between the coefficients of the expansion of the function γ and the Riordan's numbers also called Motzkin sums, through the interpretation presented in [8] , given by Emeric Deutsch (2003): the coefficients 1, 0, 1, 1, 3, 6, 15, 36, 91, 232, 603, 1585, . . . enumerate the Motzkin paths of length n with no horizontal steps at level 0. We call them conventionally short Motzkin paths because, in the following Section, we shall instead refer to Motzkin paths of length 2n + 2. Such an interpretation, together with Proposition 6.2, leads to the complete description of the plot of simple involutions of I(321), through the following procedure, that defines a bijection between the simple involutions of I(321) 2n+2 and the Motzkin paths with no horizontal steps at level 0 of length n.
Written σ 2n+2 in the form σ = (M 1 , m 1 )(M 2 , m 2 ) . . . (M n+1 , m n+1 ) , one can consider the sequence of n + 1 odd integers {1, 3, . . . , 1}, that describes the number of times the plot of σ 2n+2 crosses the line y = x between each maximum and the respective minimum. For instance, one has: for σ 6 = 351624 = (31)(52)(64) the corresponding sequence is {1, 3, 1}; for σ 8 = 35172846 = (31)(52) (74)(86) the corresponding sequence is {1, 3, 3, 1} ; in the appendix we list simple involutions and their sequences for n = 10, 12, 14.
Proof. All of the properties derive from the structure of the simple involutions and from Proposition 6.2, almost immediately for i),ii),iii), remembering that in a simple involution no maximum can be adjacent to its minimum. As for iv), it is to be noted that going from M i to m i with s i crossings always means that M i+1 is followed by m i . Now, one has: either m i and m i+1 are connected, so s i+1 = s i − 2, because in this case M i and M i+1 cannot be connected; or m i and m i+1 are not connected, and then: either M i and M i+1 are not connected, so s i = s i+1 , or M i and M i+1 are connected, so s i+1 = s i + 2. ✷
We call admissible sequence for a simple involution a sequence of consecutive or repeated odd numbers satisfying the claims of Proposition 7.1. To each admissible sequence {s i } of length n + 1 we associate the Motzkin path of length n presenting up, down or horizontal steps depending on s i < s i+1 ,
Conversely, to each Motzkin path of length n with no horizontal steps at level 0 we associate the admissible sequence of odd numbers, of length n + 1, associate the plot of a simple involution σ n+2 and the involution σ n+2 itself, univocally determined in the following way.
Define local maximum point of the Motzkin path a point P i such that P i−1 ≤ P i and P i+1 ≤ P i .
Starting from the left, consider the number N 1 of the ascending steps to the left of the first local maximum point P 1 . Then N 1 + 1 determines the number of the maxima preceding m 1 = 1 in the involution. Similarly, if N 2 is the number of the descending steps at the right of the last local maximum point, N 2 + 1 determines the number of the minima following M n+1 = 2n + 2 in the involution. Between the first and the last local maximum point, each up step determines an up connection between two maxima of the involution, while each down step determines a down connection between two minima. If the Motzkin path has an only maximum, the plot has no up or down connections different from the ones regarding the first maxima and the last minima (for example, in the case σ 14 = 579(11)1(12)2(13)3(14)468(10)).
Through the sequence {1, 3, . . . , 1} corresponding to the plot, one easily sees that a bijection yields, giving a combinatorial interpretation for the cardinality's equality of the two considered sets.
Connecting Theorem 6.3 and this combinatorial interpretation, we obtain Theorem 7.2 The plot of an involution π n+2 ∈ I(321), presenting no couples of symmetric upper and lower connections, corresponds to a simple involution if and only if generates a Motzkin path of length n with no horizontal steps at level 0.
Proof. By Theorem 6.3, or π is a simple involution, so generating such a Motzkin path, or is of type 12, with π = 12[σ 1 , σ 2 ], where σ 1 is simple. In the second case, by the natural generalization of the procedure introduced for the simple involutions, π generates a Motzkin path, with horizontal steps at level 0 separating the simple components of the permutation. (See example in fig. 4 ). In such a way we can immediately recognize in the path the simple components of the involution. ✷ Remark 1. Given σ 2n+2 ∈ I(321) 2n+2 , it is of interest the problem of deciding which simple involutions are contained in σ 2n+2 as patterns. Considering the sequence s = {1, 3, . . . , 1}, of length n + 1, associated to a simple invo- For instance, σ 12 = 3 517294(11)6(12)8(10), whose corresponding sequence is {133331}, contains the simple involutions of inferior length: 3517294(10)68, corresponding to {13331}, containing σ 8 e σ 6 , respectively corresponding to {1331} and {131}.
On the contrary, σ 12 = 3 517294(11)6(12)8(10) does not contain the involutions 3617924 (10)58, corresponding to {13131}, and 468192(10)357, corresponding to the sequence {13531}, not having the requested property.
Remark 2. Analogously, starting from σ 2n+2 ∈ I(321) 2n+2 and its associated sequence s, one can build all the simple involutions σ 2n+4 ∈ I(321) 2n+4 , containing as pattern the involution σ 2n+2 .
Simple involutions in I(321) and Dyck paths.
In this Section we show how through the use of Dyck paths another procedure can be obtained to determine whether an involution is simple, and to calculate simple involutions. In [3] , Proposition 4, involutions in I(321) are characterized in terms of labelled Motzkin paths. How to associate an involution π n of length n to a labelled Motzkin path (M, λ), where M denotes a Motzkin path of length n and λ denotes a labelling of its down steps, it is discussed thoroughly in [3] , Section 3, pg.3. We only recall here that, given an involution π in the form
whith the m i written in increasing order, a labelled Motzkin path is defined as follows. For every i = 1, . . . , n, -if i is a fixed point for π, take a horizontal step in the path; -if i is the first element af a transposition, take an up step in the path; -if i is the second element af a transposition, take a down step in the path, labelled with h, if i is in the h-th position among integers greater than or equal to i in the cycle decomposition of π. The following proposition holds, from which we derive the characterization in Theorem 8.2. 
Proof.
Let σ n ∈ I(321) n be simple, so with no fixed points: then by construction (M, ν) has no horizontal steps, therefore being a Dyck path, irreducible because a simple involution is connected. Moreover (M, ν) is such that, always by construction, the maxima of σ correspond to the up steps, the minima to the down steps. Hence, by Proposition 6.2, if U i , U i+1 are consecutive in (M, ν), D i , D i+1 cannot be consecutive. Conversely, if (M, ν) satisfies i) and ii), the involution σ ∈ I(321) n is connected, so not of type 12. It follows from Theorem 6.3 that σ n is neither of type 21, nor an expansion of a simple involution. Therefore σ is simple, as requested. ✷
In such a way we have shown, as claimed, a second procedure to determine if an involution of I(321) is simple. Note that for irreducible involutions avoiding (321), the Motzkin path unitary labelled reduces to a Dyck path, leading to the same bijection exposed in [6] . Fig. 5 shows the Dyck path corresponding to an involution of type 12, i.e. sum decomposable : the claim i) is not satisfied and the irreducible components can be recognized in the picture. Fig. 6 shows the Dyck path of an inflation of a simple involution of length greater than 2: in this case the assumption i) holds, since σ is not of type 12, but ii) is not true because the up steps 2,3 correspond to the down steps 7,8 and the up steps 5,6 to the down steps 9,10. 
Appendix
In Section 7, Fig. 2 and Fig. 3 , we studied the simple involutions of length 6 and 8, their plots, their sequences and their short Motzkin paths. Now we consider the simple involutions for n = 10. 
